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Abstract 
Both theoretical and numerical analysis of transition radiation from graphene monolayer is performed. The source of 
transition radiation is polarization currents excited by a charged particle, uniformly moving through the monolayer. By 
means of the perturbation theory, we obtain expressions of spectral-angular density of the radiation in cases of normal 
and oblique incidences. The conditions of applicability of the obtained expressions are demonstrated, as well as the 
characteristic features of the behavior of the spectral-angular density of the radiation. The conditions when the radiation 
is directed along the monolayer are found. The results of numerical calculations for an arbitrary shape of the monolayer 
are discussed. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the National R esearch Nuclear U niversity M E P hI (M oscow E ngineering 
P hysics Institute)  
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1. Introduction 
The discovery of graphene provided an impact for studying the material in all directions, particularly in the 
conductivity one. Number of experimental studies, see, e.g., works of Gusynin et al. (2006), Kuzmenko et al. (2008), 
shows that the conductivity of graphene is much higher, than conductivity of the other two-dimensional structures. It 
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allows to use graphene for investigating the characteristics of the transition radiation (TR). TR is a form of radiation, 
which is produced by polarized currents, induced by a charged particle, passing near a conductive sample. Thus the 
conductivity of the material, which charges are used as the source of TR, plays an important role in the mechanism 
of TR, as well as in its characteristics. The simplest object for studying TR is a graphene monolayer. The 
conductivity of the object, we assume, is given a priori, see Falkovsky (2008), which will make numerical 
estimations of TR characteristics possible within all frequency ranges, which are of interest for us. 
2. Statement of the Problem 
The problem is to find the characteristics of TR from infinite graphene monolayer disposed in vacuum (z=0) 
(Fig. 1). The source of the TR in this case are polarization currents induced by a charged particle e, moving 
uniformly through a monolayer at a certain speed v, which can be represented as 
                    ^ `0, , ,v ly zv v v     (1) 
where l = {0, ly, lz}, and v - module of the velocity vector. In this paper we take into account that the conductivity of 
graphene is given a priori as a function of frequency within all ranges of interest. 
 
Figure 1. Scheme of the problem. 
 
3. The general solution 
Maxwell's equations for the Fourier images with respect to time can be written as: 
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where j(r,ω) - current density and ρ(r,ω) - charge density. Calculating rotation of the first equation of Eq. (2), we 
obtain an expression for finding the magnetic field: 
     2 4, , ,H r j rk rotcSZ Z'     (3) 
where k2=ω2/c2. The solution of Eq. (3) equation can be written as: 
      3exp1, , ,r rH r j r
r r
ik
rot d r
c
Z Zc c c c³   (4) 
and at large distances, |r| >>|r’|, Eq. (4) can be represented as: 
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where k=nk=r/r, k - the wave vector of the radiation field at the observation point r. At large distances, the Fourier 
transformations of the electric and magnetic fields are related by the expression: 
                                                             , , , .Z Z ª º¬ ¼E r H r n   (6) 
Using Eq. (3), the distribution of the energy radiated per solid angle dΩ and frequency range dω can be obtained 
as (see, for example, the monograph of Potylitsyn et al. (2011)): 
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Due to the fact that a uniformly moving particle does not make a contribution to the radiation directly,  ,Zj r  
represents the density of the polarization current. In the zero approximation we can neglect the mutual influence of 
the polarized charges and describe the density of the polarized currents through the conductivity of graphene and the 
field of the incident charged particle, see also Sukharev et al. (2012): 
                                                                       0 0 0, , , , , ,j r j r r E r E rzZ Z V Z Z V Z G Z|     (8) 
where σ(ω) - given conductivity of the monolayer,  0 ,ZE r  - the field of the incident particle. Using Eqs. (7), (8) and by applying the Fourier transformation to the coordinates, we obtain an expression for the 
spectral-angular density of the radiation from the monolayer in the zero approximation: 
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To obtain expression for E0 (k┴, z=0, ω) in Eq. (9), let us apply inverse Fourier transformation to the Coulomb 
field of a moving charge, 
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with respect to qz: 
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Carrying out the integration in Eq. (11), one can obtain: 
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Required Fourier transformation can be written as: 
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Substituting Eq. (14) into Eq. (9), one obtains the general expression for the spectral-angular distribution of 
radiation: 
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4. Case of normal incidence 
First of all we consider the simplest case of a particle incident - the case of normal incidence. In this case the 
velocity has only one component:  
 ^ `0,0, .v zv l    (16) 
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Projections of the vector Q and the expression for the parameter A in the definition can be easily obtained from 
direct determination of both values Eq. (13). In spherical coordinates the projections of the vector k have the form: 
 sin cos , sin sin , cos .k
c c c
Z Z ZT M T M T­ ½ ® ¾¯ ¿   (17) 
Using this definition, Eq. (15) for the case of normal incidence gets its final form: 
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where  
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Analytical result Eq. (18) corresponds to the non-relativistic case. To find the spectral-angular density of the 
radiation in the relativistic case, one needs to rewrite Eqs. (18), (19) with a help of the Lorentz factor, v=c/γ(γ2-
1)1/2,and proceed to the limit, γ>>1: 
 
     
 
222 2 2
2 22 2
, 2 sin cos .
sin
nd W e
d d c c
V ZZ T T
Z T J 
 : 
  (20) 
Dynamic conductivity of graphene at optical frequencies can be expressed as Falkovsky (2008): 
                         2 .
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Forms of 2D and 3D distributions for the relativistic case are shown in Fig. 2 and 3.  
 
 
Figure 2. 2D-distribution of spectral-angular density in the 
relativistic case for normal incidence (γ=20). 
 
 
Figure 3. 3D-distribution of spectral-angular density in the 
relativistic case for normal incidence (γ=20). 
 
In the case of normal incidence, as it can be seen from Eqs. (18), (20), the spectral-angular density does not 
depend on azimuthal angle. Therefore, the profile of 2D distribution for any value of φ has the same profile (Fig. 3). 
As can be seen from the figures, the peak height of the radiation density is the same, but the distribution itself has a 
pronounced angular symmetry with respect to θ = π/2 . The symmetry is provided by squared sine and cosine 
presence in expression for the spectral-angular distribution of radiation. The cosine in Eq. (20) is not usual for TR 
from half-infinite space; however, the same cosine was obtained in the paper of Ryazanov and Tishchenko (2002) in 
a different way, by means of microscopic theory. This cosine defines a shape of TR along the monolayer. It is also 
noteworthy, that the radiation is concentrated within two narrow areas: near θ = 0 and θ = π. These areas 
characterize "backward radiation" and "forward radiation" (see the monographs of Garibyan and Yan Shi (1983), 
Potylitsyn et al. (2011), and the paper of Tishchenko et al. (2005), which directions are given by: 
   ,
2
S D'  r    (22) 
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that in this case is equal 0 and π radians, respectively. So it is rightly to speak about two distinct directions, along 
which the radiation is concentrated. The radiation along the monolayer can be neglected. It also should be noted 
about the dependence of the radiation maximum on the Lorentz factor. The higher the Lorentz factor, the narrower 
the range of polar angles, within which the radiation peaks are concentrated. 
 
5. Case of oblique incidence 
Let us turn back to the case of the oblique incidence. In this case the velocity has already two components: ^ `0, , .v y zv l l    (23) 
Using Eqs. (13), (15), we obtain an expression for the spectral-angular distribution of radiation in the non-
relativistic case: 
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Performing the same limit proceeding as above, one obtains expressions for spectral-angular distribution of 
radiation in the relativistic case: 
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In the limiting case, α=π/2, Eq. (26) transforms into Eq. (20). Forms of the distribution are presented in Fig. 4 and 
5. As in the case of normal incidence, it is seen that the radiation is concentrated within two narrow regions, which 
angular directions are described by Eq. (22). These areas characterize "back radiation " and "forward radiation" as 
well. However, in the case of oblique incidence there is the asymmetry problem, which eventually is reflected by the 
shape of the spectral-angular density. 
 
 
Figure 4. 2D-distribution of spectral-angular density in the 
relativistic case for oblique incidence (φ = 1.7 , γ = 10). 
 
 
Figure 5. 3D-distribution of spectral-angular density in the 
relativistic case for oblique incidence (γ = 10). 
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One can see, that the radiation directed along the monolayer, is not always negligible. For example, at an angle 
α=π/5 (γ=10) the radiation along the layer becomes comparable to the order of magnitude with the radiation in the 
main direction. It is noteworthy, that the increase of the Lorentz does not play a significant role in changing the 
shape and height of the distribution. It is also interesting to notice, that at relatively small incidence angle (α=π/10 , 
γ=10), the radiation begins to being formed and focused near the angle θ=π/2, i.e. starts to go exclusively along the 
layer.  
6. Numerical modelling 
The current density of the polarization currents is determined by Eq. (8), where the shape of the surface is set by 
the delta-function. To calculate the spectral-angular density from a monolayer of a random shape, one must replace 
δ(z) by δ(z-f(y)), where f(y) determines the shape. For definiteness, we take f(y)=Amsin(y), where Am - amplitude of 
the sine wave. In this case, expression for the spectral-angular distribution of radiation has the following from: 
                                                            22 22 0, 2 ( ) , exp , , sin , .n k Ey x md W dy ik y k y z A yd d cZ S V Z ZZ ª º   ¬ ¼: ³   (28) 
Finding the Fourier transformation, E0 (kx, y, z = Amsin(y), ω), one obtains the results for the normal and oblique 
incidences. For the normal incidence, expression for the spectral-angular distribution of radiation (for brevity, we 
will not give here all the variables) is: 
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For the oblique incidence: 
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One can see, that Eq. (32) determines the dependence of the spectral-angular density on the shape of the 
monolayer. Finding the value of these integrals numerically, we obtain the desired dependence of spectral-angular 
density on the velocity of the particle and on the angles as well as. 
As a particular case, the calculation can be simplified by taking the amplitude of the sine wave equal to zero. 
Then, according to the proposed theory, we must return to the case of the plane monolayer. Fig. 6 and 7 illustrate the 
numerical solution of the problem with the same parameters for the particular case of the plane monolayer. 
As one can see from the figures, the numerical solution and the analytical solution are identical (see. Fig. 2 and 6, 
5 and 7). This gives grounds to make calculations for any kind of monolayer’s shape. 
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Figure 6. Numerical solution for the normal incidence for a relativistic 
particle (γ = 10). 
 
Figure 7. Comparison of analytical and numerical solutions 
for oblique incidence of a relativistic particle (α=π/4, γ = 
10). 
 
7. Conclusion 
The problem of finding TR from the graphene monolayer, which is located in vacuum, for a non-relativistic and 
relativistic cases, is considered. It is shown that in case of the normal incidence of a relativistic particle: 
x the spectral-angular density does not depend on the azimuthal angle; 
x height of the peaks of the radiation density is the same, but the distribution itself has a pronounced 
symmetry with respect to θ = π/2; 
x the radiation is concentrated within two narrow areas: near θ = 0 and θ = π radians. These areas 
characterize "back radiation " and "forward radiation"; 
x the increasing of the Lorentz factor leads to the growth of the order of the spectral-angular density and to 
narrowing areas of concentration of the peaks of the radiation. 
It is shown that in case of the oblique incidence of a relativistic particle: 
x the radiation is also concentrated within two narrow regions, but in case of the oblique incidence the 
problem has asymmetry; 
x the radiation, which is directed along a monolayer, θ = π/2, and within a different range of angles nearby to 
this value, depends on the angle of incidence and does not dependent on the magnitude of the Lorentz 
factor; 
x at a relatively small angle of incidence ( i.e. α = π/10) the radiation begins to form and concentrate near θ = 
π/2, i.e. starts to propagate exclusively along the layer. 
The problem of finding TR from a monolayer of arbitrary shape is solved numerically. As a particular case, 
sinusoidal monolayer is considered. For verification of the perturbation theory applied, limiting transition from a 
sine-shaped monolayer to a plane one is considered. The results for the spectral-angular density calculated 
numerically coincide with the analytical solution, which approve this method to be applied to calculations of TR 
from more complex shapes a monolayer. 
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